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Abstract. The predator-prey model is mathematically ratio-dependent, always showing dynamics rich in
singularity findings. Intervention in the model with the predator-prey model of exploitation is carried out
by taking into account harvesting. The ratio-dependent form of harvesting predator-prey model is a very
important research project in ecological and mathematical theory. In this study, we discuss the dynamics
of the ratio-dependent predator-prey model, as well as the forms of exploitation in the harvesting variable.
The form of harvesting offered is sustainable harvesting or referred to as bioeconomic theory. The
consideration is that the bioeconomic system is able to obtain maximum benefits and at the same time has
ecosystem sustainability for a very long period of time. The results of the analysis were carried out without
harvesting and with harvesting. Each form of treatment produces two stable local equilibrium points.
Harvesting is done only at the equilibrium point that results in maximum population growth, to prevent
extinction. In the trajectory analysis, the movement of population growth before and after harvesting is
also shown. In the prey population, the movement of population growth is decreasing but towards great
stability. Meanwhile, the predator population has decreased significantly, after harvesting. This condition
is very possible to occur in an ecosystem that depends on the ratio-dependent.
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1 Introduction

The predator-prey model in the field of scientific
knowledge has advanced tremendously in the last few
decades. The development of types of response
functions, types of interactions, stage structure, and
harvesting model interaction interventions color the
novelty of recent research [1]. In the form of
mathematical modeling of predator-prey interactions
with harvesting interventions, the most studied in
applied mathematics knowledge [2]. This is the most
dominant theme in the world of mathematics and
ecology, because of the universal nature of science.
Although the predator-prey theory has shown many
advances in research, there are many mathematical and
ecological problems that need continuous attention
from researchers [3]. The problem of predation
interaction and the problem of exploitation efforts at
population density seems simple, but it is often
challenging and more complex when viewed from the
point of view of the reality of life in predator-prey
ecosystems [4]. Many research projects involve
predation interactions that are consistent with the
characteristics of the predation process [5][6][7]. Many
of the predator-prey function responses depend on the
prey or vice versa, depending on the predator. There
are also many studies involving the interaction of the
two populations, namely predator and prey species.
Interactions like this usually need each other or are
interdependent on one another. The following are some
of the response functions that depend on predator, prey
and predator-prey interdependence interactions.
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1.2.2 Beddington-DeAngelis
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In this research, the novelty focus is given to the
interdependent response function, namely the predator
and prey species, namely f(x,y), The ration-

dependent response function is given to the predator-
prey model built with realistic assumptions. Our
consideration using the ratio-dependent is to reveal the
types of species that have these predation
characteristics.

In terms of trajectories, some significant differences
between the forms of the response function are as
follows,
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Fig. 1. Trajectories respon function Beddington-
DeAngelis, ratio-dependent, and gradual interference
trophic functions.

Some species that have the characteristics of a
ratio-dependent response function are Cladocerans,
Daphnia Magna, and Simocephalus the Elder. The
characteristics shown in predation are inter-species
dependence [8]. The nature of dependence on the
population ratio is the characteristic of this response
function. Significant differences in the density of
predator populations or prey populations in fact greatly
affect the overall sustainability of life in the ecosystem.
Such reciprocal relationships between species also
occur in the Hassel-Varley (HV), Hassel-Varley-
Holling (HVH), and Beddington-DeAngelis forms of
response functions [10]. The response function theory
is not actually in accordance with the conditions in the
field, especially in ecosystem life. Long and
controversial debates between the views of ecologists
and mathematicians still occur today. But much
modeling knowledge has contributed to the
development of ecological or biological mathematical
sciences.

The ratio-dependence type response function is
more suitable to describe the predator-prey interactions
that occur. In some situations, when predators must
find food in conditions of food sharing or fierce
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competition for food [11]. Everything becomes a
dependency involving mathematical ratios. The growth
rate of predators per capita is a function of the ratio of
prey to the abundance of predators. The study has been
supported by a lot of relevant research in field
observations and ecological laboratories. In
interactions that are interdependent on the population
of each species, the function ratio-dependence response
is more appropriate to consider [12]. The involvement
of the ratio-dependent in the mathematical model of the
population equation will provide a clear picture
according to the actual ecosystem conditions. The
closer to the actual conditions, the better the
mathematical model that is formed.

The predator-prey model of the ratio-dependence
form has been developed and richly analyzed for its
dynamics. The novelty of the proposed model is as
follows,

dx X axz

—=rxl-=|-—,
dt k x+bz
Ez Pxz
dt x+bz

ey

bl

with the initial conditions of the model (1) % =0 and

% =0. Where x(s) and y(r) is the population density
of predator and prey, at time ¢ population growth.
Parameters is the growth of prey that adopts the
intrinsic growth of the species [13]. Parameter & is
carrying capacity which is the living area of the
ecosystem. The parameter is the catch coefficient of the
predation process. The parameter is the conversion rate
coefficient of the predator-prey predation process. The
parameter is the coefficient of half capturing saturation
constant.

Exploitation effort will be given for model (1) with
the concept of sustainable exploitation in the model
ecosystem. The dynamic analysis will be given to the
dynamics model without exploitation, exploitation of
the prey population itself, and the predator population
itself [14]. In the exploitation of the two populations it
is not recommended, because there is a great fear of
species extinction in the form of model (1). Model (1)
which is intervened by exploitation efforts on prey is as
follows,

E:;’)c(l—%J—ﬂ—Hl‘m,

()
& P s
dt  x+bz

Model (1) which is intervened by exploitation efforts

on predators is as follows,
dx [ xj axz
—=mx|1l-— |-

dt k) x+bz’

dz_ pxz 5
dt x+bz

3)

Hz'l'Z 5

The model equations (2) and (3) are accompanied by
exploitation efforts, with the condition that,
H;7=0, if no harvesting is done.

H;r = non-negative, if harvesting is done.
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Population dynamics studied in the ratio-dependent
form have revealed many predator dynamics such as
deterministic extinction, the existence of stable
boundary cycles, the presence of many attractors, and
the presence of stable boundary cycles. The shape of
the dynamics of population growth in the geometric
trajectories often forms parabolic orbits, elliptic orbits,
hyperbolic orbits, or a combination thereof. Changes in
the geometry of the trajectories are heavily influenced
by the different parameters taken for the mathematical
model simulation. The predator-prey population model
(1) has been extensively developed in the form of
cannibalism, stage structure and other interventions.
The novelty focus of model (1) is to involve
exploitation interventions in model (1).

2 Method

This research is a type of literature study research,
involving relevant research results to build results and
discussion. The model developed is a predator-prey
model with a selective function ratio-dependence
interaction and harvesting response. The basic model
developed is model (1), with exploitation intervention
in models (2) and (3) [8]. Analysis will be given on all
the possibilities that occur in each model [15].
Dimensional analysis is also given to model (1) with
all available parameter types. Where all parameters in
model (5) are considered with dimensional parameters,
presented in the following table,
Table 1. Parameters, Biological Meanings and Unit

Par Meaning Unit

X Prey one population (time-dependent), [ N]

z Predator population (time-dependent), [ N]

r Prey’s one intrinsic growth rate, [TTI

k Prey’s environmental carrying capacity, [ N]

a Capturing rate, [ 1
]

B Conversion rate, [T]—l

b Half capturing saturation constant, -

) Predators death rate, [TTI

T Catch coefficient, -

H,; | Prey harvesting, -

H, | Predator harvesting. -

3 Resut and Disscusion

3.1 Equilibrium Analysis

Equilibrium analysis is performed on model (1),
by looking at the overall shape of a non-negative
equilibrium which is realistic to consider. The
differential equation linearization method is carried out
for model (1). The overall point of this equilibrium will
also determine the exploitation of each species. The
differential equation model associated with model (1)
is as follows;
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x+bz

From the form of model (4) we obtain two forms of
non-negative equilibrium points, ie E,(xy,0) and
E;(x;,z;) . Each form E; and E; is as follows;

X =k,
3 k(—bﬂr+a,b’—a5)
= bpr ’
_ k(-bpr+ap-as)(b-5)
a7 b2pro '
All equilibrium points support the sustainability of the
model in an ecosystem. The shape of the equilibrium

point E, become a point that deserves to be reckoned

with the sustainability of prey species. Conditions are
different for predatory species where it is not possible
to have good population growth. Actually this
condition can also take place in ecosystems. It is very
possible to occur in an ecosystem without any predator
species. one of the goals of this research is to show the
sustainability of both species, so that the most realistic
thing to consider is the equilibrium point E;.

Equilibrium point E; is an equilibrium that allows for

further analysis, because of the ever-growing existence
of species. Moreover, this research will also take action
on the exploitation of each species. Harvesting can
only be done in species that have non-negative and
non-zero growth. The necessary condition used for
harvesting intervention is a stable equilibrium point.
point stability E; will be analyzed using the Jacobian
matrix andRouth-Hurwitz criteria testing, in order to
find the corresponding eigenvalues.

The Jacobian matrix corresponding to the
equilibrium point is as follows,

Jn o J
Jcob(El):|: 11 12:|,

Ja1 Uz

= r(l xJ rx_ ez ax
I i e NG R
k bz+x (bz+x)2

ax abxz
+

Ji2 = bz +x (bz+x)2 >

Jo1 = fe __Pr )
br+x  (bz+x)

. px bfxz

Jn = - 2

brtx  (bz+x)

From the Jacobian matrix form, the characteristic
equation associated with model (4) will be obtained as
follows;

A2 +bA+c=0, 5)
where,
2
b bR 5 +bBr +bp5% + o’ —as
bp* ’
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e bB2Sr —af’S —bBS%r +2ap5° — ad®

Bb ’
It is clear that two eigenvalues will be obtained which
become the roots of the characteristic equation (5). The
eigenvalues corresponding to the characteristic
equation (5) are,

21blﬂ2 (N+JA7)’

ﬂ.]:

1 —
%_Zbﬂz(N_ M),
where,

Nand M, is a non-negative constant

corresponding to each of the eigenvalues. on form 4,
and 4, it is clear that each eigenvalue fulfills the form
of the Routh-Hurwitz criteria, 4 <0 and 4, <0. Thus
the equilibrium point E; can be expressed as a stable
asymptotic local equilibrium point. Ecologically, it can
also be said that populations of predators and prey that
live in an ecosystem are able to coexist for a long time.
After this is obtained, then exploitation efforts can be
carried out, because harvesting interventions indirectly
reduce the number of each population. Harvesting
business analysis will be carried out at the numerical
simulation stage, in order to facilitate the calculation of
the harvesting scheme for each species.

3.2 Equilibrium analysis with prey harvesting

Equilibrium analysis is carried out using model
(2) which involves intervention of exploitation efforts
on prey. The differential equations that are linearized
are as follows;

rx(l—fj—ﬂ—Hlm=O R
' (6)

From the shape of the model (6), a realistic non-
negative equilibrium shape for harvesting is obtained,
namely equilibrium £, (x;,z;). Form E; associated in
model (6) is as follows;
_ k(bprH, —bpr+af - ad)
=T bpr ’
k(bBrH| —bBr+af —ad)(b-5)
- b2 pré
Point £ (x,z;) associated with model (6) will be

1=

analyzed with the harvesting variable. The optimum
profit obtained will also be analyzed in model (6).

3.3 Equilibrium  Analysis with  Predator
Harvesting

Equilibrium analysis is carried out using model (3)
which involves the intervention of exploitation efforts
on predators. The differential equations that are
linearized are as follows;

x axz
1-=|- =0,
rx[ kj x+bz )
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ﬁ—5z—Hzrz=0,
x+bz

From the shape of the model (7), a realistic non-
negative equilibrium shape for harvesting is obtained,
namely equilibrium E;(x;,z;). Form E; associated in

model (7) is as follows;
_ k(-atHy-bpr+af —as)
e bpr ’
k(—az'H2 —bﬂr+aﬁ—a5)(—fH2 +ﬁ—5)
bzﬂr(z'Hz +5)

Equilibrium point £, (x;,z;) which is associated

1=-

with model (7) will be analyzed for harvesting
variables. Harvesting business is analyzed to obtain the
optimum profit obtained.

3.4 Numerical Simulation

Model (1), model (2) and model (3) will be given a
simulation to see the basic scheme of population
growth for each species. Numarical simulation is also
to see the maximum profit obtained from the
harvesting business carried out. Parameters in each
form of the model are given from several valid and
relevant references. Other parameters are also taken
from relevant assumptions according to real ecosystem
conditions. Parameters are given mathematically as
follow, r=1.32, k=100, ¢=0.05, »=0.8, 5§=0.03,
B=005,and r=05.

Model (1), which is simulated with our harvesting, is
given parameters to be,

132 1- |- 005
100) x+05z

8
0.05xz ®

x+0.5z

From form (8), the equilibrium point is obtained
E;(96.96969697,129.2929293) . Equilibrium point E
will be analyzed with the Jacobian matrix and Routh-
Hurwitz criteria.

Equilibrium point E; It is realistic to consider

-0.03z=0.

continuous stability testing. A positive equilibrium
value is the main basis for intervention in exploitation
business behavior. From the two corresponding
equilibrium points it is clear that the growth of predator
species is more significant than the growth of prey
species. It should be noted that the equilibrium point
E, obtained from model (8) is a model without

harvesting.

The characteristic equation that emerges from the
equilibrium point is,

2% +1.268000000 + 0.01536000000 =0, €))
The eigenvalues corresponding to the characteristic
equation (9) are respectively 4 =-1.25576844564516 and
Ay =-0.0122315543548386 .

It is clear that for model form (1) it has an asymptotic
local stable equilibrium point, ie
E;(96.96969697,129.2929293) .

case 1: harvesting with population prey
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Model (2) was analyzed with harvesting for
prey species. Exploitation business intervention is
given to prey species that will be exploited to obtain an
estimated profit. after being given the parameters, the
shape of model (2) becomes as follows,

1.32x[1—ﬁj—(m%—0.4111x =0,

+ 0.

0.05 T (10)
2% _0.03z=0..

x+0.5z

From form (10), the shape of the equilibrium point is
obtained, namely

E (-30.3030303OH1 +96.96969697,-40.40404040H, +129.2929293)

. The equilibrium point that appears each has a
dependence on the harvesting prey variable. The next
step is to involve the harvesting function that the
author considers in sustainable harvesting. The profit
function of the equilibrium point
E;(-30.30303030H,+96.96969697), .

(-40.40404040H,+129.2929293)

w (H,)=100H,(-30.3030303H +96.96969697 )
~50H,

From the form of the profit function (11) in
harvesting for prey, a derivative solution is obtained
9
oH,
harvesting effort carried out is H; =1.59175 , get a profit
of y(H,)=7677.782008 . So in the population prey

Y

(w(Hy)) on H, which has size H;=1.59175. The

exploitation business, a profit of y (H,)="7677.782008 .

1004 - e
sof v e e
60

404

|— Without Harvesting — — With Han’asﬁngl

Fig. 2. Trajectories Prey Species.

case 2: harvesting with population predator

Model (2) was analyzed with harvesting for
predator species. Exploitation business intervention is
given to predatory species to be exploited to obtain an
estimated profit. After the parameters are given, the
shape of model (2) becomes as follows,

130 1o |- 005
100 x+0.5z

12
0.05xz (12

x+0.5z
From form (12), the shape of the equilibrium point is
obtained, namely E,(60.60606061H, +96.96969697,) .

48.48484848(5H, +8)(20H, —1)

40H, +3

that appears each has a dependence on the harvesting
prey variable. The next step is to involve the harvesting
function that the author considers in sustainable

-0.03z-0.4H,z=0.

.The equilibrium point
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harvesting. The profit function of the equilibrium point
E, is,
48.48484848(5H, +8)(20H, —1)
vith)= 40H, +3
From the form of the profit function (13) in harvesting

~50H,. (13)

for prey, a derivative solution is obtained %(V/(Hz))
2

on H, which has size H,=0.02189109027. The
harvesting effort carried out is H, =0.02189109027 , get
a profit of y(H,)=123.7573838. So in the exploitation

of the population predator, a  profit of
w(H,)=123.7573838..

In terms of the trajectories of the population effort, you
can see the following trajectories:

1254 R REEE B R

I— ‘Without Harvesting — — With Haﬁ'ESﬁI‘l!l

Fig. 3. Trajectories Predator Species.

The two exploitation efforts on prey and predator
species each have their own characteristics. However,
when compared to the two, the most profitable for
exploiters is the prey species. Conditions like this can
occur in all species of living things [16]. Even though
quantitatively the equilibrium conditions are stable, the
number of prey populations is less than the number of
predator species [17]. So in a given model with less
population harvesting, it turns out to provide more
benefits. On the other hand, in the case of a population
predator, with a large number of populations, it turns
out that the profit generated from the exploitation effort
is small. After all harvesting efforts have been carried
out, the number of stable population growth tends to
decrease. This decrease ecologically and economically
provides a good picture. Because the population is rare
after harvesting, the number of population increases,
except for special conditions.

4 Conclution

Mathematic  predator-prey  modeling  always
involves interactions that occur in ecosystems. Models
that are prepared with strong basic assumptions will
become a simulation model that is capable of becoming
policy formulations or solving ecosystem problems.
Model (1, 2, 3) is the basis of the predator-prey model
involving a Ratio-Dependent type of interaction.The
proposed mathematical model is also given an
exploitation effort. The exploitation provided is to
involve harvesting efforts in each population
differently.The model is constructed by analyzing local
asymptotic equilibrium points, ie non-negative
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Ey(x1,2;) . The equilibrium point is obtained based on

the linearization of the differential equation solutions.
The next test on the equilibrium point is the fulfillment
of the Routh-Hurwitz criteria. Tests were carried out to
demonstrate point local asystotic stability E;(x.z)-

The eigenvalue analysis corresponding to the model
supports a stable form of the mathematical model.
Trajectories analysis is also given to the proposed
model. The characteristics that emerge from each
species are different. Trajectories analysis is used to
confirm the mathematical data that has been obtained.
Movement of predator and prey population growth
without involving harvesting fulfills a stable condition
for a long period of time. Therefore, exploitation can
be done. The first exploitation was carried out on prey
species only, with profitable exploitation results for
business actors. From the profit function, the total
income earned is w(H,)=7677.782008 . Exploitation

efforts on prey species are considered successful,
because they provide local asymptotic stable points
that meet the Routh-Hurwitz criteria. Meanwhile, in
the business of exploiting predatory species, it provides
a total profit ofy(H,)=1237573838. The same

condition is also shown at the point of equilibrium and
continuous exploitation. Economically both businesses
provide maximum profit. When compared, the business
of harvesting exploitation of prey and predators,
harvesters must choose a form of harvesting prey, with
greater profits and a stable growth rate of species over
a very long period of time.The results of this study can
be used as reference material or consideration for
further research. Exploitation business development
with a more complex harvest can be added. The
response function model can also be an option for
developing the basic Ratio-Dependent model.
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